Abstract. Let π : X → B be a family whose general fiber X b gives a (d 1 , ..., d a ) polarisation of a general Abelian variety where 1 ≤ d i ≤ 2, i = 1, ..., a and a ≥ 4. We show that the fibers are in the same birational class if all the (m, 0) forms on X b are liftable to (m, 0) forms on X where m = 1 and m = a− 1. Actually we show general criteria to find families with fibers in the same birational class, which leads together with a famous theorem of Nori to some interesting applications.
Introduction
A family of n-dimensional varieties is a flat, smooth proper morphism π : X → B such that the fiber X b := π −1 (b) over a point b ∈ B has dimension n. In this paper, we only assume that B is a smooth connected open variety of dimension 1. We will also assume that X b is an irregular smooth variety of general type such that its Albanese morphism alb (X b ) : X b → Alb (X b ) is of degree 1. We want to study conditions which ensure that the fibers of π : X → B have the same birational type.
It is well-known that, up to base change, we can associate to π : X → B the family of corresponding Albanese varieties. In fact, we can work in the more general set up of families of Albanese type presented in [PZ, Definition 1.1.1] . We recall below the basic definition.
Let p : A → B be a family of Abelian varieties; that is, the fiber A b := p −1 (b) is an Abelian variety of dimension a > 0. We say that a morphism Φ : X →A is a family of Albanese type over B if:
(1) Φ fits into the commutative diagram: where V b ⊂ H 0,n (X) is the conjugate space of V b . It also holds:
The standard multiplication map H n,0 (X b 
) induces an homomorphism
Finally, we say that a family of relative dimension n satisfies extremal liftability assumptions if the natural restriction homomorphisms
) are surjective for every b ∈ B. We show:
Main Theorem Let Φ : X → A be a Nori family. If it satisfies extremal liftability assumptions and
) is injective for a general b ∈ B, then its fibers belong to the same birational class.
The proof is a direct consequence of the new notion of adjoint quadric introduced in [RZ] . By extremal liftability assumptions we are actually concerned on families of varieties equipped with a morphism to a fixed abelian variety; see Proposition 3.2.2. Nevertheless our result should be seen in the light of the theory of families of varieties of general type as described in [Ko] ; this is the reason why we present the theorem in the above general set up. We strongly rely on the theory exposed in [PZ] . In particular, we use the Volumetric Theorem [PZ, Theorem 1.5.3] .
As an immediate consequence of the Main Theorem and of the well-known fact that if C is a hyperelliptic curve then C − C − is trivial in its Jacobian, we have the well-known Torelli Theorem for hyperelliptic deformations of hyperelliptic curves, see: [OS] ; this is a case where Ann(V b ) = 0.
More deeply, by a famous Theorem of Nori [N, pp 372 ], see also [Fa] , our Main Theorem applies to the case where the family X is given by a family of cycles inside a general Abelian variety of dimension a ≥ 4 such that the homomorphism ν
) is injective. In particular we have: 
) where X b is an element of the linear system associated with a (d 1 , d 2 , ..., d a ) polarisation. We expect further generalisations of Theorem [A] .
Finally, we have an application to the case of fibrations with maximal relative irregularity of the above circle of ideas.
Let S, B be respectively a smooth surface and a smooth curve. A fibration f : S → B is said to be of maximal relative irregularity if q(S) − g(B) = g(F ) − 1 where q(S) is the irregularity of S and g(B), g(F ) are respectively the genus of B and of a general fiber F . There are many papers on this topic. Here we can quote [P] , [M] and [BGN] which also contains basic references to this problem. In this case we have an occurrence of the case where Ann(V b ) ≃ C. Indeed if the natural morphism F → Alb(S) has degree 1 then we can find a suitable open subscheme U ⊂ B contained in the locus where f : S → B is smooth, and we can form a family of Albanese type Φ U : S U → A U where p : A → U is such that all the fibers are isomorphic to a fixed Abelian variety A of dimension g(F ) − 1 and S U := f −1 (U). In Theorem 5.0.2, which does not depend on the Main Theorem, we show that the infinitesimal invariant associated to the basic cycle associated to f |S U : S U → U is not zero.
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Adjoint quadrics
We recall some of the results of [PZ] . See also [RZ] .
2.1. The Adjoint Theorem.
2.1.1. The Gauss-type homomorphism. Let X be a compact complex smooth variety of dimension m and let F be a locally free sheaf of rank n. Fix an extension class ξ ∈ Ext 1 (F , O X ) associated to the exact sequence:
By the Koszul resolution associated to the section dǫ ∈ H 0 (X, E) and by the isomorphisms
we see that the coboundary homomorphisms
are computed by the cup product with ξ, i = 1, . . . , n.
Denote by H n dǫ : det E → det F the natural isomorphism and by Λ n+1 the natural map
By composition we define a Gauss-type homomorphism:
be a vector subspace of dimension n + 1 and let B := {η 1 , . . . , η n+1 } be a basis of W . By definition we can take liftings s 1 , . . . ,
Definition 2.1.1. The section
is called an adjoint form of ξ, W, B.
If we consider the natural map
we can define the subspace λ n W ⊂ H 0 (X, det F ) generated by
In the literature [ω ξ,W,B ] is also called the adjoint image of W by ξ. For the main properties of Massey products in our context see [CP] , [PZ] , [RZ] .
Definition 2.1.3. If λ n W is nontrivial we denote by |λ n W | ⊂ P(H 0 (X, det F )) the induced sublinear system. We call D W the fixed divisor of this linear system and Z W the base locus of its moving part
From the natural map ǫ D W : F (−D W ) → F we have the induced homomorphism in cohomology:
We set
In [PZ, Theorem 1.5 .1] we have shown:
Theorem 2.1.5 (Adjoint Theorem). Let X be a compact m-dimensional complex smooth variety. Let F be a rank n locally free sheaf on X and ξ ∈ H 1 (X, F ∨ ) the extension class of the exact sequence (2.1). Let W be a n + 1-dimensional subspace of Ker (∂ 2.2. The notion of Adjoint quadric. We denote by λ n H 0 (X, F ) the image of
and we consider the linear subsystem
Denote by D F its fixed component and by |M F | its associated mobile linear system. Moreover we denote D det F , M det F respectively the fixed and the movable part of | det F |; that is:
Take W = η 1 , . . . , η n+1 and ω i , i = 1, ..., n + 1 as above and let
be the natural multiplication homomorphism. The basic definition of this paper is:
The condition (2) of the above Definition means that Q gives an element of Sym 2 H 0 (X, det F ) which vanishes on the schematic image φ |M det F | (X) . The study of ω-adjoint quadrics is useful to find extension classes supported on a divisor. Theorem 2.2.2. Let X be a compact complex smooth variety. Let F be a locally free sheaf of rank n such that h 0 (X,
Proof. Let B = {η 1 , . . . , η n+1 } be a basis of W . Set ω i for i = 1, . . . , n+1 as above and denote bỹ
is the vector space generated by the sections ω i . The standard evaluation map
which is associated to a class ξ
where f is the map given by the contraction by the sections (−1) n+1−i s i , for i = 1, . . . , n + 1, and g is given by the global section σ ∈ H 0 (X, det F (−D W )⊗I Z W ) corresponding to the adjoint form ω. We have the standard factorization
where the sequence in the middle is associated to the class ξ
In particular we obtain the commutative square:
By commutativity, we immediately have that the image of
where ξ ∪ ω is the cup product.
This relation gives the following relation in
Then the equation (2.12) gives an adjoint quadric. By contradiction the claim follows.
Corollary 2.2.3. In the hypothesis of Theorem 2.2.2 it holds that ξ is supported on
Proof. The first claim follows by Theorem 2.2.2 and by Theorem 2.1.5. To show the second claim, we recall that by [PZ, Proposition 3.1.6 
Then the claim follows.
Nori Families
We apply the notion of adjoint quadrics to the case where F is the cotangent sheaf Ω 1 X of a smooth variety. We stress that we want to find conditions on a family π : X → B which ensure that the fibers are in the same birational class.
3.1. A notion of equivalence among families of Albanese type. The notion of Albanese type family behaves well under base change and we can introduce a notion of equivalence for this kind of families. Consider a family of Albanese type Φ : X →A as in the Introduction.
3.1.1. Translation equivalence. If s : B → A is a section of p : A → B, we define the translated family Φ s : X → A of Φ by the formula:
Notice that Φ s : X → A is a family of Albanese type. Two families Φ and Ψ over B are said to be translation equivalent if there exists a section σ of p : A → B such that the images of Φ σ and Ψ (fiberwise) coincide.
We recall also the following definition given in [PZ, 
We will use the following: 3.2. Liftability assumptions. The following conditions are natural in order to find families locally translation equivalent to trivial families.
Definition 3.2.1. We say that a family π : X →B of relative dimension n satisfies extremal liftability conditions over a 1-dimensional variety B if
where the symbol ։ means that the homomorphism is surjective.
The above definition says that all the 1-forms and all the n-forms of the fiber X b are obtained by restriction of forms defined on the family X . Comparing the two conditions with the hypotheses of Theorem 2.2.2 we see that they ensure that ∂
is an infinitesimal deformation in the image of the Kodaira-Spencer map associated to π : X →B.
Proposition 3.2.2. Let Φ : X → A be an Albanese type family such that for every
, O A b ) be the class given by the family p : A → B, that is the class of the following extension:
is generically injective, hence it is injective because otherwise the kernel would be a torsion subsheaf of O X b . Thus we have the following exact sequence
In cohomology we have
so, by commutativity and by the hypothesis
) and hence the coboundary (A/B) . To the normal function defined by Z it is associated its infinitesimal invariant δ Z ; see: cf. [Vo] . 
be an infinitesimal deformation given by the Kodaira-Spencer map. Let
be the restriction map and set η i = r(Φ * b (s i )), i = 1, ..., n + 1. In our case the set
is a basis of a vector space Proof. By Proposition 3.2.2 we can assume that p : A → B is trivial, that is A ≃ A × B and p : A → B is the first projection. Up to base change, the Albanese family alb(X ) : X → Alb(X ) exists and by Proposition 3.1.2, our claim is equivalent to show that the Albanese family alb(X ) : X → Alb(X ) is locally translation equivalent to the trivial family. Hence it is not restrictive to assume that Alb(X ) = A × B too. In particular we can restrict to consider only the case where Alb (X b 
Denote by ξ b ∈ H 1 (X b , Θ X b ) a class associated to an infinitesimal deformation of X b induced by the fibration π : X → B. We know that q ≥ n + 1 where q = dim C A. Let B := {dz 1 , . . . , dz n+1 } be a basis of an n + 1-dimensional generic subspace
. By standard theory of the Albanese morphism it holds that
for i = 1, . . . , n + 1. Note that if ω
.., n. Since Φ : X → A is a family of Albanese type, dimλ n W b ≥ 1, (actually if q > n + 1 by [PZ, Theorem 1.3.3] it follows that λ n W b has dimension n + 1), and we can write:
By extremal liftability assumptions we can form the Massey class for every [W ] ∈ G(n + 1, q) where we denote by G(n+1, q) the Grassmannian of n+1 dimensional subspaces of
). Consider the following diagram in Dolbeaut's cohomology:
where by the identification
We consider the symmetric dual of the multiplication map. By the above discussion we can write:
The symmetric dual of the diagram (3.1) is:
where we have used the identifications
We stress that since we can write
By hypothesis the restriction
is injective hence Ker(µ) ∩ Sym 2 (Ann(V )) = {0}. Now assume that for the generic W b , the generic adjoint form ω has an adjoint quadric
By Definition 2.2.1 Q is in Ker(µ). Hence Q vanishes on (Sym
By the Transversality Theorem ω ⊙ ω, µ V (α) = 0. We claim that also ω ⊙ ω, ρ(α) = 0. Indeed notice that since Q ∈ Ker(µ) it holds that Q, µ ∨ (α) = 0 but also that Q, ρ(α) = 0 since ρ(α) ∈ Sym 2 (Ann(V )). This means
We have shown that ρ(α) ∈ Sym 2 (Ann(V )) and by definition ω i ∈ V then ω i ⊙ L i , ρ(α) = 0 for every i = 1, ..., n + 1. Therefore, assuming that for the generic W b , the generic adjoint form ω has an adjoint quadric, we conclude thet ω 2 is the trivial functional on H n (X, −K X ). By [PZ, Theorem 1.5 
) is injective for a general b ∈ B. If it satisfies the liftability conditions then it has birational fibers. In particular a family of smooth varieties of general type all contained inside a generic Abelian variety of dimension ≥ 4 has birational fibers if it satisfies the liftability assumptions and the injectivity property.
Proof. By [PZ, Proposition 6.2 .2] we know that Φ : X → A is equivalent to a Nori trivial family. By the Main Theorem the claim follows.
Remark 3.4.2. We point out the reader that since the Ceresa cycle of an hyperelliptic curve C is trivial, the Main Theorem implies that a family π : C → B of hyperelliptic curves satisfying liftability assumptions is a locally trivial family.
Families of divisors of a polarized Abelian variety
where A is a complex torus defined as a quotient of a vector space V of rank g by a lattice Λ, and L an ample line bundle on it. The algebraic equivalence class of line bundles of L is defined by a non-degenerate hermitian bilinear form H on V , whose imaginary part E is a bilinear form integer-valued on Λ. Since we are interested in the algebraic equivalence class of line bundles on A defined by L, we may assume the characteristic of L to be 0. We also recall that L determines an isogeny
which is defined as follows:
A decomposition of V for L is a decomposition of V = V 1 ⊕ V 2 into real vector spaces of rank g which induce a decomposition for Λ = Λ 1 ⊕ Λ 2 into E-isotropic free Z-modules of rank g. Such a decomposition of V for L induces moreover a decomposition of the lattice
into E-isotropic free Z-modules of rank g, which we respectively denote by Λ(L) 1 and Λ(L) 2 . The latter decomposition naturally induces a decomposition of the kernel of φ L , which we denote by K. It is known, see c.f. [BL, Theorem 2.7 p.55] , that
Here B denotes the C-linear extension of H| V 2 ×V 2 , and for every 
where the arrow on right side of diagram 4.3 is the connecting homomorphism in the long exact cohomology sequence of the fundamental sequence of D
Proof. We assume that D is the zero locus of a holomorphic section s of L. Fixed ω a non-zero
in 0 to the unique holomorphic g − 1-form w such that dv ∧ w = ω. On the other side, the function ∂s ∂v can be seen by adjunction as a holomorphic section of the canonical bundle of D, which coincides with the restriction to D of the (g − 1)-form w defined above. On the other side, the connecting homomorphism can be computed by using the fact that there is a canonical isomorphism of cohomology groups sequences
where π denotes the projection of V onto A, and it holds 
since A S is defined through a flat base change. Now, for every z on A, φ L (z) is the line bundle of degree 0 with cocycles [{e
is the line bundle on A S whose cocycles, according to identification 4.6, are precisely
In conclusion, we have
It is now easy to see that the two elements in the cohomology group H 1 (Λ, H 0 (V, O V )) are the same. Indeed, it is enough to show, by the definitions of group cohomology, that there exists a holomorphic function F on V such that, for every z on V and every λ on Λ, it holds that
But E is defined as the imaginary part of H, which is an alternating R-bilinear form on V , and H can be recovered by E. Indeed, for every z and w on V it holds:
In conclusion, with F (z) := −π(iE(v, z) − E(iv, z)), it is easily seen that F is C-linear on V and that 4.8 holds true.
4.2. The multiplication map. From diagram (4.3) and the long cohomology sequence of (4.4) it follows easily that
Moreover, we have clearly a commutative diagram
In particular, when the divisor D = (s = 0) is reduced and irreducible, the map ν is injective if and only if the multiplication map µ is injective. Indeed if µ is not injective, then there exists a non-zero element w = s ⊗ t + j u j ⊗ v j in Sym 2 H 0 (A, L) in the kernel of the multiplication map µ, and by the above decomposition, we can assume ( j u j ⊗ v j ) |D = 0 in Sym 2 Ann(V ). Since the diagram (4.9) is commutative, this implies ν( j u j ⊗ v j ) |D = 0, and thus ν is not injective. On the other side, let us assume that j u j | D ⊗v j | D is non-zero and belongs to the kernel of ν, where u j and v j are non-zero holomorphic sections of L. Then we have that µ( j u j ⊗ v j ) = j u j v j vanishes along D. Hence there exists t ∈ H 0 (A, L) such that st = j u j v j . It follows that µ is not injective.
4.3.
On injectivity of the multiplication map. Given now an abelian variety (A, L), we want to give conditions which ensure the injectivity of the multiplication map µ. We begin by fixing a decomposition of V for L 2 which, according to our previous discussion, induces a decomposition K 1 ⊕ K 2 of K := Ker(φ L 2 ). In particular, the same decomposition induces a decomposition 2K 1 ⊕ 2K 2 for the kernel of φ L .
Let us assume that H is the non-degenerate hermitian form which corresponds to L according to Appell-Humbert theorem. We recall that, by [BL, Lemma 1.2 
, and the quotient is isomorphic to Z g 2 . Hence, the following is a basis for H 0 (A, L):
For every (x 1 , x 2 ) ∈ 2K 1 ⊕ 2K 1 , and (y 1 , y 2 ) ∈ K 1 ⊕ K 1 such that y 1 + y 2 = x 1 and y 1 − y 2 = x 2 , it holds the following multiplication formula:
, where s is the number of odd indexes among (
we can define:
We have:
where, with t ∈ 2K 1 Z ′ 2 and y ∈ K 1 Z 2 ,
Now choose U a transversal subset for Z 2 in K 1 , that is U is a subset of K 1 such that every (right or left) coset of Z 2 contains precisely one element of U. The set U contains
which sends (y, t) to (y + t, y − t) is clearly a bijection, and we have
Thus every character ρ inside the group of characters Z ′ 2 gives a submatrix of the the matrix of multiplication map µ because we can write µ with respect to the two following basis of
We point out the reader that the couple (x 1 , x 2 ) in the definition (4.12) of the basis of
By the matrix of µ with respect to the above bases it follows that the multiplication map is injective if and only if the restriction to the subspaces associated to the characters ρ of Z ′ 2 is injective. We denote this restriction by µ| Vy,ρ : V y,ρ −→ W y,ρ where V y,ρ := θ (y+t,y−t),ρ : t ∈ 2K 1 /Z ′ 2 and W y,ρ := ⊕ w∈W θ L 2 (y,w,ρ) . The change of sign of t is obtained by exchanging x 1 and x 2 in definition (4.11). Hence, the restriction of the multiplication map on the symmetric part Sym(H 0 (A, L)) can be described on the different blocks, each corresponding to y and ρ, with the matrix:
This implies that µ is injective precisely when for every y and for every character ρ the matrix M ρ has maximal rank.
Proof. Let us begin by the case in which the polarization type is (2, · · · 2). For such a polarization, the matrix M ρ in 4.14 with ρ ∈ Hom(Z g 2 , C * ) is just the scalar:
Now inside the moduli space of (2, 2, · · · 2)-polarized abelian variety it is easy to conclude that C ρ = 0 holds for the general abelian variety since it holds for the product of 2-polarized elliptic curves. If we now take a general (1, 1, · · · 1, 2, · · · 2)-polarization we can consider (A ′ , L ′ ) a (2, · · · , 2)-polarized abelian variety with an isogeny h :
Then the multiplication map µ on the sections of L is just the restriction of the multiplication map (4.15)
to the symmetric product of the subvector space of the Ker(h)-invariant sections of L ′ .
The Proof of Theorem [A]
. Let π : X →B be a family which satisfies extremal liftability conditions and such that for its general fiber the morphism φ b :
Since A is general, we know that π : X →B is Nori trivial. By Theorem 4.3.1 the multiplication map given in the equation (1.4) is injective. By the Main Theorem, the claim follows.
5. The case of maximal relative irregularity for a fibered surface
Our basic reference for this last section is [PZ, Section V] . Let f : S → B be a fibration over a smooth surface S to a smooth curve B with general fiber F . In order to understand the geometry of the fibration it is natural to try to obtain information by relating the invariants of B and of the general fiber F to those of S. For our purposes we only need to recall that if the relative irregularity q(S) − g(B) = g(F ) − 1 then there exists a hyperplane V of H 0 (F, ω F ) such that the standard restriction homomorphisms H 0 (S, Ω 1 S ) → H 0 (F, ω F ) has V as its own image. We need the following:
Lemma 5.0.1. Let f : S → B be a non-isotrivial fibration with general fiber of genus ≥ 3 and such that q(S) − g(B) = g(F ) − 1. Then the sublinear system induced by V is base point free.
Proof. Take an infinitesimal deformation ξ ∈ H 1 (F, T F ) of F given by the Kodaira-Spencer map. Assume that for the general fiber F the image V of H 0 (S, Ω 1 S ) → H 0 (F, ω F ) has base points. Since V is a hyperplane then Riemann-Roch theorem on curves implies that there exists a unique point p F ∈ F which is the base point of the linear system |V |. By the viceversa of the Adjoint theorem in the case of 1-dimensional varieties, see [CP] , it follows that ξ is the Shiffer variation supported on p F . This is a contradiction to [AC, Corollary 6.11 ]; see also Prop. 6.3.9] Since q(S) − g(B) = g(F ) − 1 the Jacobians of the fibers have an Abelian variety A ′ of dimension g − 1 in common. Let B 0 the open subscheme of B where f : S → B is smooth. By shrinking to open subsets U ⊂ B 0 , the family Alb(S) × Alb(B) B → B obtained by standard universal properties restricts to a family p : A U → U whose fibers are all isomorphic to the dual A of A ′ . Note that p : A U → U is a family of polarised Abelian varieties where the fiber is always isomorphic to A but the polarisation on A × {b} is given by: ) and s is a nontrivial section. The decomposition is an orthogonal one with respect to the standard pairing on F b . In particular Ann(V ) = s · C. By contradiction assume that the infinitesimal invariant associated to an Albanese type family over a neighbourhood U of b is zero. Let ξ ∈ H 1 (F, T F ) be an infinitesimal deformation of F given by the Kodaira-Spencer map of f |f −1 (U ) f −1 (U) → U. By Theorem 3.3.2 this means that all the adjoints obtained by ξ and by 2-dimensional subspaces W ⊂ V belongs to V ⊥ = s · C. This means that if W = η 1 , η 2 then there exists a constant c ∈ C such that c · s is an adjoint form associated to W , in other words [c · s] ∈ H 0 (F, ω F )/W is the Massey product of η 1 and η 2 . This implies that if we take a general η ∈ V and a general 2-dimensional subspace η 1 , η 2 = W ⊂ V (in particular η ∈ W , here we need q(S) − g(B) > 2, that is g(F ) ≥ 4), we can find a σ ∈ W such that the Massey product of the 2-dimensional subspace η, σ along ξ is zero. Indeed if [c i · s] ∈ H 0 (F, ω F )/W i is the Massey product of W i = η, η i , i = 1, 2 then σ = c 1 η 2 −c 2 η 1 ∈ W . By the Adjoint theorem, it follows that ξ = 0 if the linear system η, σ has no base points or that ξ is supported on the base points of η, σ . By the genericity of η and W it follows that ξ is supported on the base points of the linear subsystem V ⊂ H 0 (F, ω F ). By Lemma 5.0.1 we conclude that ξ = 0. This means that f : S → B has constant moduli; a contradiction.
